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Abstract. The aim of this work is to obtain the
reverse Minkowski inequality for integral with
parameters ) < p <1 and p <0.

0.1 Introduction

In recent years, inequalities are playing a
very significant role in all fields of mathematics
and present a very active and attractive field of
research. As example, let us cite the field of
integration which is dominated by inequalities
involving functions and their integrals ([3], [4],
(5], [6]). One of the famous integral inequalities
is Minkowski's integral inequality. In particular
the following statement was proved for p > 1 (for
details to see [1]).

Theorem 1. Let 1 < p < 00,Q C R" and
A C R™ be a measurable sets. Suppose that f
is measurable on Q0 x A and f(.,y) € Ly(Q) for
almost all y € A. Then

|| /A £l < /A 1 loady Q)

if the right-hand side is finite.

Remark 1. If 0 <p < 1, mes A > 0 and
mes 0 > 0 inequality (1) is not valid (to see

1)

In this work we consider the reverse inequal-
ity of (1) with 0 < p < 1 and p < 0, for f :
(a,b) x (¢,d) — R.

We need the following reverse Holder's in-
equality with negative parameter p and p' = ,—,I_’—l
(p' is the conjugate of p),

L, ll9llz,-

/plf-gld:r > 1]

(For details to see [2]).

0.2 Main Results

Theorem 2. Let0<p<l —0o<a<b<o
and —o0 < ¢ < d < 00. Suppose that f is mea-
surable on (a,b) x (¢,d) and f(z,y) € Ly((a,b))

for almost all y € (¢,d). Then

H/cd fla,y)dy

d
> [ 1560l
if the left-hand side s finite.

Ly, (ab)

Proof.

/cdf(z’y)dy S/C(IIf(:tey)ldzh

then
p—1

d
f fla,y)dy

d p—1
2(/ If(:lf-,y)ldy) forp—1<0.

We have

P

/E d fla,y)dy

/ d fla,y)dy

d #=1
> ( / i, y)|dy)

Therefore

p—1

/ g

/ d flz,y)dy| .

P

[ " Tl
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d =1 4
= (/ lf(.’l‘,?/)ldy> / fla,y)dy|. (3)
Taking in account the following equality
4 d
/ fla,y)dy| = / |f(z,y)ldy
and by integrating (3), we obtain
b pd B
/ / flz,y)dy| dx
b d p—1 4
Z/ (/ |f($,y)|dy) / f(a,y)dy|dz
b d p-1 i
Bl wap va i
=/ / (/ M/ (f’y)ldy) \F(,y)\dy| de
b d d BT
> / {/ (/ If(:c,y)ldy) |f(.’1:,y)]dy}dm
d b d #=1
= / {/ (/ |f(-’n,‘!l)fdy) |f(:r,y)|d;n}dy_

Let

b d e
1?,1:/ (/ lf(:rey)ldy> flz,y)da.

d 51
Denote G(z) = ( / [f(z,y) dy) , therefore
{4

”G(I)HLPI((a.b))

b p'(p—1) ;l’
b P +u
= ( / d:n)

b| pd P Pip—l
={</ /le(w-,y)lcly dw) }

p—1

d
/ |f(x,y)| dy

d
[ [f(z,y)| dy

d
[ o) dy

Ly((a,b))

The last expression is finite (by assumption) then
G(z) € Ly((a,b)); now one can apply the re-
verse Holder inequality

b Pl
Ri- | ( / If(mut)ldt) 1 (@ 9)ldo

> (/b /E-d|f(fv,t)|dt Pl(p-l)dwy (/ab|f(:r,y)|”d;g)%
(/ / Fast)ld L) | ( / b If(-'v,y)l‘”dm)% :

Let

'vJ,.

Ry =
b d P p—'r " %
= (/ / [ f(x,t)| dt d.r) ( | (x, Z/)[pd:r.) ,
then

d d
f Rudy > / Rydy

since Ry > 0, we get

d

/ Ridy
d d

/ Raydy| = / Rady

/

2

consequently

P

dx

/cd fla,y)dy

> | Rody

d
/ | fa,t)| dt

P N /b >
d:l:) (/ |f(m,y)|p(lm) dy

1

PN pd b -
d;x:) / (/ |f(:1:,y)|”(Lr) dy.

) ([ o )
> [ ' ( / | y)m);dy,

[
=([|[ veona

It follows that

([

d d
| sy L
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we have Let

/Cd fa,y)dy

p—1

b d
B / (/ |f<x.,t>|dt> |f(z,9)] de.

By similar arguments to the proof in Theorem 2,
we can apply the reverse Holder inequality

d
/ |f (z,y)| dy

and we conclude that

Uah [1 flz,y)dy
) /“d ( ab e, y”"d’ﬁ) ﬁ dy. N (/b

Theorem 2 is thus proved. therefore

Ry >

,, d} ; 2 ([|[ 1rwona ,,mﬁ ([ 1) '17

Let
d
[ oy a

2
»

dr)ﬁ( /:If(wﬂ)l"dw) ,

d p
—00 < ¢ < d < oo. Suppose that f is measur- / fla,y)dy| dx
able on (a,b) x (¢,d) and f(z,y) € Ly((a,b)) for &

almost all y € (c,d). Then d

Theorem 3. Let p <0, —o0 < a <b < oo and /b
a

d
> [ 150y o d
L C = Rydy

(4) ¢
d P T,lr b %
/ | f(z,t)| dt dw) (/ | f(z, y)|p(L'r) dy

fc ’ fedy

if the left-hand side is finite. 3 b
Proof. By using the inequality N X <L

/Cdf(:l:,y)dy < /cd |f(z,y)|dy, = (/ﬂb /Kd|f($,t)|dt

PNy qpd g oph =
@) [ ([ 1) du
Finally we get

/c ' fla,y)dy ” 2 ( [ d |f (r.,y)|dy)p, B (/ ‘LT) ( /ﬂ m)

d b %
. ’ ; § > e y)|Pde | dy.
By integrating the last inequality, we get - [ /a |f(zy)fdz ) dy

b ’ It follows that
I _

)da: b p p

l,}

Z/b (/dlf(w,!/)ldy)pdx [/ﬂ ul

a (¢t ) b :

:Lb [</d |f(m,t)ldt)"“1_( ‘d|f(:1:,y)]dy)]d:z: Z/n ( d |f($,y)|l>dz) dy

¢ or
<[ [ ([ eana)”
o |Je e Ly,(a.b)
-[ {/ (/f e “‘)M 1) L} % > | @0l o

(5)

we have

' [z, y)dy . |f(z,t)|dt
I I

/a " Bl

/Cd fa,y)dy

1

/ " fe )y

|f(:1:7y)‘ dy:| dx

29



Models & Optimisation and Mathematical Analysis Journal VVol.05 Issue 01 (2017)

References

[1] V.I. Burenkov. Functional spaces, Basic
integral inequalities connected with Lp-spaces.
P.F.University, Moscow, 1989; p. 5 - 12.

[2] Bicheng Yang. On a new Hardy- type in-
tegral inequality. Int. Math. Forum, 2, 2007,
No.67, p. 3317 - 3322.

[3] A.W. Marshall and L. Olkin, Inequalities:
Theory of Majoration and Applications, Aca-
demic Press, 1979.

[4] S. Marinkovic, P. Rajkovic and M. Stankovic,
The inequalities for some types g-integrals, Com-
put. Math. Appl. 56 (2008), 2490-2498.

[5] B.G. Pachpatte, A note on Chebishev-
Gruss type inequalities for differential functions,
Tamsui Oxford Journal of Mathematical Sciences
22 (1) (2006), 29-36.

[6] B.G. Pachpatte, Mathematical inequali-

ties, North Holland Mathematical Library, Vol.
67,(2005).

30



