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Abstract:
The aim of this work is to prove the

where

. ~ . |
equivalence of the semi- norms Hh % s
s

(ab) is an interval.The cquivalence is valid for
o=12.

(for R" the equivalence is well- known see (3)
p.201-208.)
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Definition 0.1

Let 120, ceN,I<p.0 Lo, ~0<a<hb<w,
The function f belongs to the space bN-'/ (a,b)
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ceN,1<p. B, —w<ach<m.

The semi norms conespondm(I to

I; Ilb
different ce N satisfying ¢ > /are equivalent.
We recall an result well known for R”.

Définitions 0.2

Let 120, o € N, 1 <p,8 < oo, The function f

belongs to the space B,n.'ﬁ!(R”) if :
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1) f is measurable on R® and
2) Hflg” ey =Hf!‘[[,(l “ f” SR™
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This definition is independent of & >/ as the
following lemma shows.
Lemma 0.1

Let />0, 0 eN,1<p,8 <o, The semi-
norms
| |, i, corresponding

(4)

to different ¢ € N satisfying o >/ are
equivalent.
Idea of proof.

Denote temporarily semi-norms|| o

: e .
corresponding to & by w It is enought to

(rr) (o-1)

prove that and ‘ are equivalent on
L[,(R”) whereo >[ Since
87" 1), e
<2a,” \ ....... )
Ly(r")
| iylo+) i (o)
1t follows that . |_% < 2 . To prove
the

conerse incquality start whith the case
0<I<1,and apply the following identity for
differences

R.F = K, 2N



Which is equivalent to the following identity
(x-D=2"(x-1)-2"(x-1)?

(‘here x replaces the translation operator E,
Where he R" ):

EJW=f+-f(y),yeR’

To complete the proof deduce a similar
identity involving A,7. A% 25, A7)

Proof:

Stepl.o =1

Supose that 0<I<1 and Ilf“ <%.From (5)

and by apply Minkovski's inequality we
obtain,

{
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first.d =+
pid,
We set Hf!u': = sup ~—,L
helt’ fi=0 'h!
And o) =718, 1,
Forall he R".h#0;0(h) < .
From (6) we have,
T < :}AH:fH[,V(R”) Alr"fHLPm”) (7)

21/1‘/ 2Ih‘/
A, f I,

Since @(2h)=

It follows that

I 2 Al
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o)< 2" p(2hy+ 27! ——*
W
| a4, .
o()<2 p2h)+27 sup —— e
heR" 20 ] };%

Then we obtain,
o(h) <27 p(2hy +27
®)

And

i
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2(2h) <2 (2 hy+ 27 £]®
¢ 9 I/

Hence

() <2 o2 by + 2"\|f““”(1 £2H 492D

consequently.for all ke N we have,
o) <2 o2 i+ 27 A 0 42"
+o. 4+ 28
Since I<1 theseries I+...+2 "+ . is
!

convergentand her sumis ~ 2(2-2")".
it follows that

o <2 et -0 O
Let k besuchthat 2/=1, then

LR T

o 2, o, + @20
(10)

On letting £ —> o in (10) we obtain
oy <2-2Y"|7]"

Thus
" s@-2i”
Finally,we get,
-2 s <"
(11) '

Second 1< 0 < .
Weset forall >0

N "Ii
_[ { ”Mf!hgk") ] _dl_ng
1,1

p(e)= :
Clearly y(e)< » .Indeed
V@) <21, ey W di<on
# ih2e

From the inequality (6) and by apply
Minkoski's inequality,
we obtain
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We have
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By substituting t=2h in the integral [ ,we
obtain
i
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fi 1\7 I piA/fHL,ue"\J o dl‘ 1
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consequently

v@s2 yee+2 A"

(13)

so we have a an similar inequality to (8) «
Hence,we have forall ke N

(2)

w(e) <2y €+ 22l
On letting k — +in (14) we obtain
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Then , we get
" se-2y4”

@-20" <iA” <"
We conclude that for all 0 </ < ¢ =1the
semi- norms “fn‘l |f Hm are cquivalent.
Step2. 022
(x-1)7 =27 x“—l)" +(x-1)7 =27 (7 =17
(x=1)7 =27 (x* D)7 +(x=1)" =27 (x" - 1)°
(x+1)°
(x=1)7 =27 (F =1)7 +2°27° (x = 1) (x = 1)
27 (=D =) (e +D?
(-1 =270} =1)7 =27 (x=1)"" (x-1)"
((x+1)° =2°).

We set
P (x)==2"(x=D"((x+D)7-2)
then
(X "l)"v = 2‘“ (X2 - l)a' +Pa_1 (x)(x _l)q+1

(15)
writing (x+1)=(x-1)+2, we have
(x+])7 =27 =((x-1)+2)" -27)=
Z‘Lm(x—l)"z" ‘

hence

o (o)
PL0=27Y [ Joe-y2

s=1

- i((:\l(x ) S

s=1 /

(16)

we replace x by the translation operator E, in (15),we

obtain for all

feLl,(R")
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Naf=2"Nuf-P_(E)A™f -
(17) “A’ ! <””ﬂf” <wand/G+n>n
where B LB = -—Z(G)Z" (E,-1)" we have
e W

(8)<70”f’ |f€) LC
by Minkovski's inequality to (17),we obtain
from (19)we obtain by apply Minkowski's

ih o4 cy-ola o4 o+l l t
R };',\;<f<") 84 |y f[! { +HP n(E; )”/(/ (R )‘A dle?}am; Al .
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Forall he R", h# 0.0(h) <o |
! ”
from (18) we have L,(R")
+ ¢ e e
1,',|72,; ‘h‘ ih’
i ‘ i
IA h ’| . ’ -
e(h<27 p2h)+ ¢~ —‘—,—L—i (24)
h
(19 i denote /,andl,respectively the first and the second
Hence integral of second member of the inequality  (24)
we have ‘
i i plla+l) I, <c il
p(h) <277 p(2h)+c ] ! (20) . . : Salf
By changing variables t=2h,we get
consequently for all ke \" we have L, =2y (2¢)

ml

p(hy <24

fics (k=1)!-¢}
e SO Ll Y e

o w(e) <2 w(2e) + ¢, “f”’d—“
And a similar argument leads to the inequality

(secthestep | , o =1,0=+x) (25)

consequently forallk € N _
kit-a) & ) a e iy~
j‘ <272 =21 2 pe) 2"y e)+ef| 2°(2°-2)
Consequently weset ¢, =¢,2°(2" =2')". forall

£ 0,w(2"e) < 40

-1,) ( a0 ,’; 11(‘\ l[‘ -1} I (o) ) )
‘i f[ : ”f ® 2’/1’! on letting & — 49> in the inequality
(21) k{1 | o+
Second .1< ) <+ w(E) <2y (e o]
We set foralle >0 then we obtain for all £ > 0,w(¢) < ¢, ”/‘“ e
d
Voo and ¢ is arbitrary then W€ g€t
|‘_\ ,.f
\ (k ) dh )
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So the semi norms are equivalent for all
,oeNo>1

Definition 03.
Let © be a bounded open sub set of R" The set
Q, " is defined by

Q= bx e Q1 dis(x:0) > o}l
Definition 04.
As usual for any function f € L, (R").and
.0 € N.we denote by
Ao f the th forward difference relative to €2
which is defined by

Niofx)=A"1f(x) If
xeQ oA’

Arof(x)=0 It

xeQ_,, @)
where the difference A’ f s the usual difference

definedon R”:

Afﬂnzif

5=l \ S

j(—l)m f(x+sh)

Proposition 01.
Let ) be an bounded open sub set of R”
and f € L, (R”],.O' € N..Then

A, s @

*In particular for an interval (a,b):

t'ﬂ

Q{' .’n

all £l
£ ) ’lf‘!/.p(d.b)

la.b), i }
29
Proof of theorem 01.

. . "
; il
Denote temporarily the semi norms H e/ p 800
) 1)@
corresponding to ¢ by M

‘s'(ml)

It is enough to prove that ||“a) and h. are

equivalenton L, (a,b) where .0 € N,o > L

Since

M) 2

‘/ (ab=(o+1}n)

2w,

ab-a )

21

e <l

proof of the converse inequality \let x €'a, b) and

It follows that

denote by
Zi'af = A pgom [ then
M@= fath)=fx) i
xe(ab-h)
(30) A, f(x)=0 if
x¢(ab-h)

-

and
By f' (0= flx+2k)- f(x) if

xe(a.b~2h)

G1) Ay f(x)=0 i
xe(ab-

R fix) = fx+2h)=2f(x+h)+ f(x) if
xe(a,b-2h)

(32) A f(x)=0 if
x¢(a,b-2h)
x € (a,b = 2h) then we obtain
A, f'(x)= f(x+h)~ f(x) and

2R, f(3)-27"8, f(x)=0

Thus the method considered for R” is not valid for

an interval. Then.we introduce the extension operaior
for functional space under certain assumptions on an
open subset Q of R” (for example extensions for
Lipschitz boundaries ).
The operator

(33)
T:B,, (a.b)~ B, (R)
is said extension operator if

(34) Tf (a.b)(x)= f(x) for
dl feB,, (ab)
The extension theorem ensures the existence of the

extension operator T(bounded linear) such that for all
p.E21

(35)
I| }
llyf Jy T cl!f‘mpd;'(a‘b)
where ¢ is an positive constant independent of the

function .
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by lernma 01 (case n=1) we obtain)
i!T{ Hla!:’fé; < ('l!izf‘Q(n—lllffi
by (33),(34) and the inequality

<"

rﬂ .
I (ak) S

we obtain

W™ <l <], <o, "

i

Hence
e |00 ita)
i,U || (af) & kl’f{ ()

where k=cc',

thus
il pllict | i+
U e <A

Conclusion: The new fact in this work we introduce
the extension operator for functional spaces then we
obtain a new result for ¢ =1.2.
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